
I Fibrations

A Locally Trivial Fibrations

a fiber bundle (or locally trivial fibration or
fibration ) is a 4- tuple (E, B, F, p ) where

E. B, F are topological spaces and

p : E- → B is a continuous map

such that for all ✗ c- B. 3- an open set UCB

and a homeomorphism ¢ :p
- '(v1 → ✓ ✗F

5.t.IT
,
◦ ∅ =P

pi tu)¥ UxF projection
denote this F→ E p ↓ME to first

factor
↓P
B

E is called the total space
B " " base space
F " " fiber
p u n projection

of :p
_'(U) → UXIR is called a local trivialization

examples : D E- = BXF a product space



2) Mobius band

M = ☒ ✗ R/
(×,y) ~ 1×+1 ,

-

y)
let q :R×lR→M be the

quotient map
note : every e.y) EIR ✗ IR in M is equivalent to

a point in [0,1] ✗ IR

there are no identifications in (o.o ) ✗ IR

but { i } ✗ R is identified with {o}✗ IR

by y -

y

now 1T
,

: IRXIR → IR induces a map

p : M → s
'
=

✗→ ✗+ I

- -
- --- -

- --
- - - -

i =

v
^

-- -
- -
- --

- -

↓ 'T
↓ P

given ✗ c- S
' if it is

"

in
"

lo , il then consider

:(on > ✗ IR → M is an embeddingG)
lad XIR

let 4 : q ( Ion) ✗ IR ) → 10,1) ✗ IR be its inverse
-

p
- 'Iki))



so p -40,1 )
¥ lad✗ IR is a local trivialization

p ↓,
101 1)

similarly if ✗ E S
'

is

"

in
"

( 42,3k) can use

of /1.him ✗ N

so p : M → s
'

is a fiber bundle

3) S
""

= unit sphere in

recall S' CE (unit circle ) acts on S
" _ '

by S
'

✗ 52
" "

→ s
""

:X
,
( z , . ..tn)) = (74

,
. ..7Zn)

exercise/recall :
s
"-

%, = Epn
- I

exercise : show s
'
→ s
" - '

is a fiber bundle↓
ep
"

4) in general if 6 is a Liegroup (recall this

means 6 is a smooth manifold and

a group such that products and
inverses are smooth maps )

and It is a compact subgroup of 6



then H → G

↓ is a fiber bundle

%
in rentable
nxn matrices std innerexercise : prove this with Reentries
↓ ↓

product

e.g.
recall 0 In ) = { AE GL ln.IR) :<Ax ,Ay) = IX. y>}

orthogonal = {A c- 6L In, IR) : AT= A
"

}
group

special
SO (a) = { A c- Ocn) : det A = 1 }

orthogonal
group

recall : from differential topology
we know 0141 and soca)

have dimension n{
and 01h) has two components
with 50in ) the identity cpt .

exercise : 50117 = { 1}

SO(2) I 5
'

50 (3) I IRP
}

a) SO Cn) → 501mi )

↓
501nA/

soca)
I 5

"



here 50in) < SOCnet )

A fi
-" °

)A
exercise : prove this

hint : note first column of
B c- Solved is an elt of s

"

1ˢᵗ GF pint I

to 1ˢᵗ↳11

S
"

b) let vn.ir = orthogonal k - frames in IR
"

Sleifelmfd
exercise : Vn,

= 0%
⇐
called the

Oln -k )

so 0 In - b) → 0in )

↓ is a fiber bundle

Vn ,h

note this airplies
"
nin I

0 In )

Vn
, , I

5
" - '

✓
n
,
n - ,
I soca )

for h < n can also show Vn,n±
" '% in- by



Grassmann loin
c) Ga ,k= k - diaienscinol planes in B^D

exercise : Gnn =
◦%a) ✗ 0in - k)

preserves .

↓ Hermitian innerinvertablematricies product
5) recall Ulnl = { A C- 6L Cn ; E) :(Av, Au > = (un )}'

+
f. aunitary

= { A c- GL In ; E) : A-
"
= A

_ ' }
group

special unitary SUCH = {A c- Ucn ) : def A = I}
group

recall : from differential topology we
know Uln ) is a manifold of

dimension N and Suan ) of

dimension n2
- l

such → vent

§, is a bundle

exercise : UH = S
'

SU (2) = 53

V14 = 53×5 '

a) sunt → SU Intl )

↓
SU Intl)/ ± szn

-11

such )



where SUCH → sucnei)
A → (Ao :)

exercise : prove this

b) let Vance ) = orthogonal k - frames in £
"

exercise : vn.nle) =
✓%

v4 -k )

c) build = k - diaienscinol planes in R
"

exercise : Gance ) =
"%
UH ✗ Un- k )

6) it f :M→N is a smooth map such that

e) f- is surjective
ii ) f- is a submersion

Iii) f- is p#(automatic if M compact)
preini age of compact is compact

then f- ' (p) → M

Iwf
is a fiber bundle for any

p E N

this is Ehresman 's lemma



7) Vector bundles are fiber bundles with fiber Nor &
(with extra "

structure "
,
see later in notes)

eg. a) TM b) 1-
*

M c) N^c Mm a submfd
↓ ↓ uh = normal bundle
M M Rm

-n
→ VIN)

↓
N

8) covering spaces
Ñ

↓m is a bundle with discrete

fiber

-

given a fiber bundle E-% B and a map f.A → B

the pull-back of E toA is

f-
* E = { ( a.e) c-AXE : f-(a) =p (e) }

define
p
: f-

*

E-→ A :( a.e) a

exercise : 1) show f-
*

E-→ A is a fiber bundle

with same fiber as E- ↳ B

2) it A is a subset of B and

F : A→ B is inclusion
,
then show

f-
*

E = Ela ie
. Ela =p

- '(A)

3) I :-/
*

E-→ E :(a.e) →e is

a bundle map



4) if E- = B ✗ F then f- * E-≤Ax F

Hint : f- ☒E is P ✗ F where r
is thegraph off in A ✗B

and P E A

if EF B and E
'% B are bundles we say

they are bundle isomorphic it 3- a

homeomorphism h : E-→E
'

such that

E-I E
'

p°↓pi commutes

B

denote this E E E
'

The 1 :

if f
,
: A → B

,
1--0,1

,
are homo topic and

A is a CW complex, ←
can weaken

then f? E E F
,

E

this is a corollary of

The 2 (covering Homotopy Property)
let Po : E-→ B and q : 2-

→ Y be fiber bundles
with the same fiber F



suppose B is normal and locally compact

given ñ◦ : E → Z and hj. B→ Y such that

E- Z

Pot hi 19 commute

B → Y (called a bundle map)

and H :B ✗ [0,1] → Y a homotopy of ho
then I a homotopy Ñ : E- ✗ [0

.
I] → 2- of bundle maps

covering H

Proof of THE 2 :

we assume B is compact land
leave the

locally compact case as an exercise)

Idea : break Z into pieces where the bundle
is trivial U ✗F

tha is clear hear
,

then we put
the home topies together

details : let { Vp } be a cover of Y by

locally trivial charts, so we have

9-
'

Cvp ) Vp ✗ F



{H - ' ( Vp ) } is an open cover of 13×1%1]
since B is compact we have a finite

sub cover
,
and in particular

we have a finite number of open

sets { U
,
✗ I;] covering B. ✗ [on]

S.t. It @✗ ✗ I
,
) c Up some P

(note H
*
E is trivial over U×Ij

by exercise above )

here we can take the Ij °

, ↑ F.
. .

, F- %
I
, Iz I

b.

we inductively assume we have constructed

the lift II : E-✗ [ate ]→ Z

and extend to Ex [a tee, ] (note : E-✗ to} done )

for each ✗ C- B F nbhds W
,
W
'

s
-

t
.

✗ c- W C Ñ c w
' here we

use normal

and Ñ
'

c U
;
for some i

choose a finite number of the { W. W
'}
s

r i 7--1

S.t. the { Wi } cover B



Ury Sohn 's lemma ⇒ I maps

u :B → [ te , tee , ]i

5€ Uil Ñ;) = tee ,
and U! B - W;) = te

set T.CH = te and

T;
1×7 = Max { 4,1×7, . .. , Uilx) }

note te = Fix ≤ TCH ≤ . . .
≤ Tsai = tee ,

set B
;
= { (×,t) c- 13×10.1 ] : te ≤ c- ≤ Tiki}

SO

B. =\ Bs = B ✗ {te
, te+,]"¥⇔⇒Bx { te }

and Ei to be the part of Ex [oil]

over Bi

so E ✗ {te } = E. E E,
E

- - .

≤ Es = Elite fee,]

we hone assumed IT is defined on E ✗ {ate ]

so it is defied on Ex { c-e } = Eo

we now inductively extend IF over Ei



note : if *
,
f) ≤ Bi - B,_ , then

T
, _fx)

< + ≤ Ti Cx)

SO U
;
CX) > T

,_ ,
LX)

: . @it) c- Wi
'

× [ te , te+,
]

by def"- W
,

'

✗ { te , te? C Y ✗ In
so H ( B

,

- B
,_ ,
) CV
,
some f

where g-
'

(ve ) Up ✗ F

let Pp : g-
'

Np ) → F be %

composed with projection

now for Le , t ) C- Er - Er-1
with pie> = ✗ c- B

set Ñ let)=¢j(Hast, pplÑK, % ,
HD ) )

exercise : check this extends Ñ
☒

Proof of Tha 1 :

let f
,
: A → B be as in statement of thMH

: A ✗ [on] → B a homotopy to tot,



now f.
*

E E

↓P is a bundle mop¥ B

so by Thʰ2 I a homotopy #

f.
*

(E) ✗ [on ] É, E
↓ ↓P
A ✗ [on] ¥ B

this induces a map

f-§/E) ✗ [0,1] H
*

(E) = { ix.t, e) c-Axial]xE :

{ IX.e) C-AXE:
~ HIx.tl =p (e)}t t

1-
◦
1×1 =p let}

A×[◦my A ✗ [oil ]

where Ñ (ki e)f) = Kit, Fix,e,t))

note It is a bundle isomorphism
since it induces identity on base
and all fibers

restricting IT to fit (E) ✗ {I} gives a
bundle isomorphism f.

*

(E)Éf:(E)
↓ id ↓
Axle ] → A- ✗ {1) ☒



Corollary3 :
If ✗ is contractible (and locally compact
and normal )

,
then any fiber bundle

E-→ ✗

is trivial E- = ✗ ✗ F

Proof : ✗ contractible means the

identity map to : ✗→ ✗ is homotopic

to a constant map f. : ✗→✗

:
.
f-§(E) = E ≈ f.

*

(E) = ✗ x F
J J

exercise exercise ☒-

B Serre Fibrations

a continuous map p : E-→ B is called a fibration

(or a Serre fibration) if it has the homotopy
← for this sometimes require Y to be CW

lifting property (ALP) : complex

given a function 5 : Y→ E and
a homotopy G : Y✗[on]→B of pig
tie

.
Gly

,
0 ) = p ◦g- (y) )

then 7- a homotopy E : Yx {on] → E



such that po 5 = G

Y ✗ to]¥ E

1 G. - - - - → ↓ P
Y ✗{on] B

note : Tha 2 says a locally trivial fibration is
a fibration

indeed : note Y→ T : yay is a bundle with

fiber {pt}
,
so -1412 ⇒ HLP

exercise : If p : E-→ B is a fibration and

f- : ✗→ B is continuous
,
then show

pf
: f-

*

E → ✗ is a fibration where

f-
*

E = { (x, e) C- Xx E : pal = tee)}
and ↑ called the pull-backPflx. e) = ✗ bundle

The 4 :

If p : E-→ B is a Serre fibration and ✗
☐ix.

c- B

are in the samepath component,
then p

- ' txt and p
- ' (×

,
) are homotopy equivalent

(so upto homotopy fibrationshove fibers)



Proof : let Fz. =p
- '

(✗it
and 8 a path from ✗

◦
to ×

,

F. E

↓ ↓P

F. ✗ [oil ]→ B

(× , 1-11-38 It)
£
homotopy of poi

so we can lift to get a homotopy

Fox [on ] E

and A ? i Fo → F, is a continuous map

claim : if % and V, are homotopic rel endpoints
then A "and Ari are homotopic and

hence AT ≈Ari

assume the claim for now
,
then

AT i Fo → F
,

8-'

A ,
: F

,
→ F◦

AT AO
,

"

comes from lifting ✗
"

* 2

so AT°AT = Aw"ᵗ = i'd,=
,

similarly AT! Ai = idF
◦

i. F. = F
,



Proof of claim : let H : [0,13×10,1] → B be

the homotopy K to 8
,

consider
1 : Fox [° . I ] ✗ 10,1]→ B :(e. s

,
f)↳ His

. f)

we want to lift to E

¥
on Fox 10.1 ] ✗ to } → E by -1¥
on Fox 10.1] ✗ { I } → E by AI

'

◦n Fo ✗ { 03 ✗ { on] → E :(e
}% "

set C = ¢0,1] ✗ to , I}) u ( { o } ✗ [o. D) c [o, I] ✗ [◦ , I]
3- a homeomorphism f : for ] ✗ To. i] →G. ☐ ✗ [on]

taking C to 6. I] ✗ {o }

W ±

c

-

now we see



F. ✗ for] ✗ to} Fox C -6, E

ti ti ↓P
Fox [◦i] ✗ [on] ← F ✗ [0,13×10,1]^-3 B

id,=◦xf
°

note ldpoxf is a homeomorphism and so

we get Fox [on] ✗ to} → E

↓ ,
-

⇒ fp
Fox laid ✗ [on]→ ☐

so the HLP say there is a
lift

composing with idroxf weget
F. ✗ C -6, E

it É -⇒ ↓P
Fox {on] ✗[on ] ^→ B

so Ñ is a homotopy from A
"
to A
"

and ÑI
Fo ✗ {c) ✗ [on]

is a homotopy

from A ?° to A ! ☒-

example : let xD be a based topological space

set PCX ) = C (¢0.1 ]
,
{o})

,
IX. ✗d)

= { continuous maps f- :[on]→✗
with f-(o) = ✗◦ }



and p : Pix) → ✗ : 81-2 ND

lemma 5:

p : PCH→✗ is a fibration

and Mx) is contractible

Proof : we check the HLP

f
given Yx {o} →° PIX)

I ↓ P

Y✗ [ai ] ✗

then define E : Yx [on] → PAD
~

.

by for Cy, s ) c- Yx [oil] ,
•

xo

YD (É) for c- c- [°, ¥]
F- (yt ) : [oil]→ ✗ " + '→ { Fly,zt - zxs) for tᵗ[É ☐

note : D well-defined since

f-
◦
(y) ( ) ) = tolyl (1) and

Fly, 212¥ ) -2+5) = Fly, o )

and since p ◦ to = F these are same

2) É ( y,o) (t ) = f-◦ (y ) (t)

3) É (y, s ) (o ) = foly) to) = Xo



4) p ◦ É (Y, 5) = Fly, s) (1) = Fly, s)

so E a lift !

now PCH is contractible
,
since [0.1] is

indeed
µ :p(x) ✗ [on ] → PCX)

(KS ) 1-3814 -5) t)

is the strong deformation retraction to
the constant path ☒-

note : p
- ' (xD = RIX) the loop space of ✗

i. p
- '

(x) ≈ RCX) for all ✗ c- ✗ (if✗

is path connected)

so RCH → pcx)

↓ p is a fibration

✗

example : given any continuous map f : ✗→ Y

earlier we saw f- is homo topic to an

inclusion
.

Recall
,
if G- = ☒

✗[" 'D °%
,
,→×,

is mapping
cylinder

then Y= Cf and



✗ ¥ Cf
id ↓ ↓ ≈

✗
±, Y

so upto homotopy ✗ C Y

Now let E- = ( (([on] , {o}) , (Y, X))
= paths in Y starting in X

B = C ( (({0.13
,
{03 )
,
( Y
,
×) )

= ✗✗ Y

exercise : E→ Y : 8→ 811) is a fibration

( proof very similar to proof of lemma 5)

note : E-= ✗ (just as we proved PIX) is
contractible )

:
.

✗ ≈ E
so f- ≈ inclusion↓ P

=p a fibration¥ = Y

slogan :

anymapisafibrationluptohomotopyj-flemmaG.it
F→ E

↓p
is a fibration

B



then Tin ( E. F) ≈ Tin (B)

Prat : let b. be the base point in B
F=p

- ' (boo ) and e. c- F a base point

given f :(D ? ZD
")→ (E.F)

then poof :(D
"

,
2157→ (B. b.)

so p induces a map

p *
: Tn (E.F) → Tn (B. b.)

exercise :p * is well-defined and a homomorphism
claim :p * is surjective

given g :(D? ZDY → (B. b.)

think of D
"

as D
" "

✗ [0,1]

define § :D
" _ '

✗ { o} → E : ✗ → e.

thinking ofg as a homotopy of Pogo
the HLP⇒ -3 a lift § :D

" _'

✗6. ☐→ E- ofg
and since p ◦g- (2 (Dn

- '

✗ [o.is)) = { bo }

5121Dn
-'
✗ [on))) c F=p

-
'

( boo)

:[5) c- An / E. F)

clearly p* ( [g-3) = [gfr



Claim : p* is injective

suppose f :(D? 2D
" ) →(E , F)

and p* ([ f ] )
= [0] c- In /B. b.)

i.
. pot = constant bo map by
the homotopy H :# 2137×10.13-743, b.)

so HCX.co) =pof 1×7 , Hlxi)
= bo

and HCJD"✗ Eat ] ) = { bo}

I

base pt in JD
"

f..
let < = @bhd so in 215) ✗ [◦ , , ]
and A- = (15×103) UC

as in proofof Thʰ4, Di [◦i] ? A ✗ [ ◦ , ☐

so It is a map A- ✗ [on] → B

note : f on D
"
-110} and the constantmap

to eo is a lift of Hon 1-✗ {°}

so HCP ⇒ 3- a lift H? A ✗ [0. ☐→ E

of H and this gives
IT :$", J.D

") ✗ for] →E

thot is a homotopy off re / ZD
"

and re/ so to a map with

linage in F



i. by lemma I. 16,41--0 in Tn (E/F)
☒

Cor 7 :

f-→ E

if tgp is a fibration
,
then weget

a long exact sequence
2

. .
.

→Half) Tin /E) E. (B)→ EricF)→ . . .

where 1 is inclusion and

In (B) E Th (E,F) → Th -ilF) is

from lemma 6 and Tha I. 17

Proof : That I. 17 gives
i.
→ Tin (F) → II. (E) → In (E.F) → EdF)→.

_
.

now apply lemma 6 €7

Cor 8 :

Tin ( S
" "

) ≈ In / EP
") for k > 2

in particular it} (5) E TE Cs 3) E- 2-
tap '



Proof : recall we have the Hopf fibration
s
'

→ gut
I

¥pn
so this

' )→ This
"") → Tintern)→ II.is ')

since IR is the universal cover of S '

Th (5) = In (1/2)--0 Hk > I

i. it k > 2 then h - I > 1 and weget

0 → The (S
"") → The lap

" ) →0

and s
.
Thts
"") E The /EPY ☒

note : also hone
*
,
(g) → it

,
(5) → IT

,
Is
'

)→ Ti(S3)
"

◦

" s "

◦2-

so Tz (5) ± E without using Hurewicz
Cor 9 :

✗ path connected then

TKIX ) = The.fr × )
✗ loop space

Remark : we already know this from Lor I. 8

but this is a differentway to see it



Proof : recall above we constructed the fibration
'

r LX) → PCH

¥
and Phil contractible so

The /PHD → Tlnlx) → Index)→ I
.
,(PHI)

"

o

't

so Tlnlx ) = TE , Csx) Ex

her 10 :

Tn ( Olu - l ) ) = The / 01h ) ) for Ken -2

The / Uln ) ) I Tulun-D) for h <za -2

Proof : recall Vn .n= k- frames in IR
"

=
◦ 'Moin -k)

and Vn
, ,
≈ Sn

-1

so
Ocn - 1) → 0cm)

is a fiber bundle

4^-1
i. the .IS

" -1) → TWO in-D) → Inland → This
"-1)

it h <n -2 than htl < n - l so

The (Oln -D) = In ( Oln ))



Shiri/arty vn.nlE) = complex h - francs in
=
U(% In-h)

so U Cn - c) → U in )

t
gzn

- l

gives second result ☒-

Cor 10 ⇒ for large n, Talon)) is independent
of k small

note : we have inclusions

011 ) → 012) -7 013 ) ↳
. .
. ON ↳

. . .

A 1-7 °

, ) . .
.

let 0 = this 0in) = nÉ 01ns
U = this

◦◦

UH =¥
,

""

easy to see TECO ) = kin Ed 01h))
n→o t constant at

some point

so Into ) ≈ The / 01ns) for n > k +2

tkcu) = In ( Unt ) for a > ¥2



Big Theorem (Bott Periodicity)

Veto ) E ta +8 ( O)

tnlu) ≈ The 210)

one can show :

h-01234567

tho) 2%2%0 € O O O Z

Idol = { kaon

k odd

note : 50cm ) → 01h)

↓ is a bundle

{± I }

so long exact sequence in Ee says

the (soca) ) = TE Coca) ) V4 > 0

such) → Un)

tg ,
↳ a bundle

so get tklsuln)) = TECH)) th > I



Cor 11 :

for j < n
-k

Xjlvn.nl/RD--{% f- n - k even or k= I

2-to f- n - h odd

Tj (Vaali)) = {
° for j ≤ 2in-k)

Z j = Un-k) +1

Sketch of Proof :

Ocnti ) s0recall Vnti
,
Kei

= =

soca -k)

so Va
, ,
=
SOI
som -k)

C ✗ntliktl

and Vn
, k
→ Vntliktl

t

501^+1%0,a, I 5
"

= Kitt
,
I

start with 4--1 :

5^-1→ Yael
,
2

↓ p

sa

so tj ( sa ) % Ty, , ( S
" _ ') → IT

,_ ,
(% , ,

2)→ ¥, (5)

it j ≤ n - 1
,
then Tj (5) = 0 = F-

,
(sa)

so Ej, ( Vue , , a) = TE, Isn
-D = 0 ✓



for J = n weget

E. (5) In -, Csn
- 1)→ In_ , /Vue,

,

e)→ 0
511 511

2- 2-

so Tn -1 (Vat , , z ) I
%-' (S

" "

King
recall 2 is defined by taking f :(D? 8D

") -1$?%)
lit ing to get ↑:(D? 8D

")→ Knee
,
2

and taking ftp.niJD-s
" _ '

Facts : D 3- a vector field v on 5
"

with a single
Zero at so ,

its index is { ° ^ odd

2 n even

e.g. n= I →→→→-→→→

n=z

2) if f :*,2D^) → S
"

is the quotient map
D "-2 S

"

(so f- generates Tulsa) )
then I : S" l { so}→ Vue, ,z

"

D
"

w

ni- ix. %⇒ )
↑

unit vector
↑
unit vector in

in IR
" IR" orthogonal to ✗

note : poof = f (p is project to first coordinate)

3) index of v is the degree d- Fly, : 8D → 5-
'



so 2A] = deg (f) [g) where g is a generator of

In, (5-1)

÷ Tn - , / true , , 1)
={ # n = a -k odd

7th n
_

- n-k even

so result true for k= I

now inductor k : assume result is true for

fork

now Tye , (5) → Ty ( Vink ) → tannin ,)→ I (5)

for j< n-k we know ¥ (Vu , k ) = 0 so

Kj ( ✓n-u.be , ) = °
2- n- k odd

and for j-n-ktgwn-u.nu) ≤ TjNak)±{2% uneven

Vn ,k(A similar
¥7


